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CONFORMAL GEOMETRY OF NON-REDUCTIVE
FOUR-DIMENSIONAL HOMOGENEOUS SPACES
E. CALVIN˜O-LOUZAO, E. GARCI´A-RI´O, I. GUTIE´RREZ-RODRI´GUEZ,
R. VA´ZQUEZ-LORENZO
Abstract. We classify non-reductive four-dimensional homogeneous
conformally Einstein manifolds.
1. Introduction
Einstein metrics have a privileged role in pseudo-Riemannian geometry.
Several generalizations of the Einstein condition have been intensively stud-
ied in the literature, Ricci solitons and quasi-Einstein metrics being just
some examples. The fact that the Ricci tensor is not preserved by confor-
mal transformations motivated the study of conformally Einstein metrics,
as those pseudo-Riemannian manifolds (M,g) which contain an Einstein
representative in the conformal class [g].
Brinkmann [3] determined the necessary and sufficient conditions for a
manifold to be conformally Einstein, which are codified in the conformally
Einstein equation
(n− 2)Hesϕ+ϕρ = θg ,
for some function θ on M . Besides its apparent simplicity, the integration
of the conformally Einstein equation is surprisingly difficult. The equation
is trivial in dimension two and it is equivalent to local conformal flatness
in dimension three, which shows that it is overdetermined in the generic
situation. Hence, the first non-trivial case to study is dimension four, where
harmonicity of the Weyl tensor is a necessary condition to be conformally
Einstein.
Gover and Nurowski [14] obtained some tensorial obstructions for a met-
ric to be conformally Einstein under some non-degeneracy conditions for the
conformal Weyl tensor. It is still an open question to characterize confor-
mally Einstein manifolds by tensorial equations. In dimension four the Bach
flat equation is only a necessary condition since there are Bach flat spaces
which are not conformally Einstein. An important class of four-dimensional
conformally Einstein metrics is obtained by considering the product of sur-
faces with nowhere zero scalar curvature under some additional conditions
(see the survey [16, 17] for more information). Moreover in such cases the
conformal Einstein metric is unique up to a constant.
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The purpose of this paper is to analyze the conformally Einstein equa-
tion for a class of strictly pseudo-Riemannian four-dimensional homogeneous
spaces, namely the non-reductive ones. We determine explicitly which non-
reductive homogeneous four-manifolds are conformally Einstein and give all
the possible conformal Einstein metrics in each case. It is worth to remark
that all Einstein metrics inside each conformal class are Ricci flat and, more-
over, they are not unique depending on the cases, allowing the existence of
two-parameter and three-parameter families of conformal Ricci flat metrics
in some cases.
The paper is organized as follows. The classification of the non-reductive
four-dimensional homogeneous spaces given in [11] and the local forms of
the metrics corresponding to the different classes obtained in [6] are briefly
reviewed in Section 2.1. The Bach tensor is introduced in Section 2.2 and
the classification of all Bach flat non-reductive four-dimensional homoge-
neous spaces is given in Theorem 2.4. The conformally Einstein equation
is treated in Section 2.3 where the Main Theorem is stated, classifying the
conformally Einstein non-reductive four-dimensional homogeneous spaces.
All the curvature calculations are carried out in Section 3, while the proof
of the Main Theorem is given in Section 4.
2. Preliminaries
Let (M,g) be a connected pseudo-Riemannian manifold, ∇ its Levi-
Civita connection and R(X,Y ) = ∇[X,Y ] − [∇X ,∇Y ] the corresponding
curvature tensor. The Ricci tensor and the Ricci operator are given by
ρ(X,Y ) = g(Ric X,Y ) = trace{Z 7→ R(X,Z)Y }. The scalar curvature
τ = trace Ric is the metric trace of the Ricci tensor.
The curvature of any pseudo-Riemannian manifold (M,g), as an endo-
morphism of the space of 2-forms Λ2 = Λ2(M), naturally decomposes under
the action of the orthogonal group as R = τ
n(n−1) IdΛ2 +ρ0 + W , where
n = dimM , ρ0 = ρ −
τ
n
g is the trace-free Ricci tensor and W is the Weyl
curvature tensor.
2.1. Non-reductive homogeneous spaces. A pseudo-Riemannian man-
ifold is homogeneous if there is a group of isometries which acts transitively
on M . Let G be such a group of isometries and let H denote the isotropy
group at some fixed point. Then (M,g) can be identified with the quo-
tient space (G/H, g˜), where g˜ is an invariant metric on G. A homogeneous
space G/H is said to be reductive if the Lie algebra admits a decomposition
of the form g = h ⊕ m where m is an Ad(H)-invariant complement of h.
While every Riemannian homogeneous space is reductive, there are pseudo-
Riemannian homogeneous spaces without any reductive decomposition. The
geometry of reductive pseudo-Riemannian manifolds presents some similar-
ities with the Riemannian case (see, for example [12]), but little is known
about the non-reductive case. The geometry of non-reductive homogeneous
spaces is therefore an important aspect towards a good understanding of
pseudo-Riemannian homogeneous manifolds.
Any homogeneous pseudo-Riemannian manifold is reductive in dimension
two and three. In dimension four, a complete classification of non-reductive
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homogeneous spaces was obtained in [11]. Later on a coordinate description
was given in [6] which we recall in order to state our results.
Theorem 2.1. Let (M,g) be a non-reductive homogeneous pseudo-Riemann-
ian manifold of dimension four. Then it is locally isometric to one of the
following:
(A.1) R4 with coordinates (x1, x2, x3, x4) and metric tensor
g = (4bx22 + a) dx
2
1 + 4bx2 dx1dx2 − (4ax2x4 − 4cx2 + a) dx1dx3
+ 4ax2 dx1dx4 + b dx
2
2 − 2(ax4 − c) dx2dx3 + 2a dx2dx4 + q dx
2
3 ,
where a, b, c and q are arbitrary constants with a(a− 4q) 6= 0.
(A.2) R4 with coordinates (x1, x2, x3, x4) and metric tensor
g = −2ae2αx4 dx1dx3 + ae
2αx4dx22 + be
2(α−1)x4dx23
+ 2ce(α−1)x4dx3dx4 + qdx
2
4 ,
where a, b, c, q and α are arbitrary constants with aq 6= 0.
(A.3) An open subset U ⊂ R4 with coordinates (x1, x2, x3, x4) and metric
tensor
g+ = 2ae
2x3 dx1dx4 + ae
2x3 cos(x4)
2dx22 + bdx
2
3 + 2cdx3dx4 + q dx
2
4 ,
where a, b, c and q are arbitrary constants with ab 6= 0 and the open
set U = {(x1, x2, x3, x4) ∈ R
4; cos(x4) 6= 0}, or
g− = 2ae
2x3 dx1dx4+ ae
2x3 cosh(x4)
2dx22+ bdx
2
3+2cdx3dx4+ q dx
2
4 ,
where a, b, c and q are arbitrary constants with ab 6= 0 and U = R4.
(A.4) R4 with coordinates (x1, x2, x3, x4) and metric tensor
g =
(
a
2x
2
4 + 4bx
2
2 + a
)
dx21 + 4bx2dx1dx2 + ax2(4 + x
2
4)dx1dx3
+ a(1 + 2x2x3)x4dx1dx4 + bdx
2
2 +
a
2 (4 + x
2
4)dx2dx3
+ ax3x4dx2dx4 +
a
2dx
2
4 ,
where a and b are arbitrary constants with a 6= 0.
(A.5) (R2\{(0, 0)})×R2 with coordinates (x1, x2, x3, x4) and metric tensor
g = −ax44x2 dx1dx2 +
a
4dx1dx4 +
a(2+2x1x4+x23)
8x22
dx22
− ax34x2 dx2dx3 −
ax1
4x2
dx2dx4 +
a
8dx
2
3 ,
where a 6= 0 is an arbitrary constant.
(B.1) R4 with coordinates (x1, x2, x3, x4) and metric tensor
g =
(
q(x23 + 4x2x3x4 + 4x
2
2x
2
4)
+4cx2x3 + 8cx
2
2x4 + 2ax3 + 4bx
2
2
)
dx21
+ 2(q(x3x4 + 2x2x
2
4) + 4cx2x4 + cx3 + 2bx2)dx1dx2
+ 2(q(x3 + 2x2x4) + 2cx2 + a)dx1dx3 + 4ax2dx1dx4
+ (qx24 + 2cx4 + b)dx
2
2 + 2(qx4 + c)dx2dx3 + 2adx2dx4 + qdx
2
3 ,
where a, b, c and q are arbitrary constants with a 6= 0.
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(B.2) U = {(x1, x2, x3, x4) ∈ R
4;x4 6= ±2} with coordinates (x1, x2, x3, x4)
and metric tensor
g =
(
a−
ax24
2 + 4bx
2
2
)
dx21 + 4bx2dx1dx2 − ax2(x
2
4 − 4)dx1dx3
− a(1 + 2x2x3)x4dx1dx4 + bdx
2
2 −
1
2a(x
2
4 − 4)dx2dx3
− ax3x4dx2dx4 −
1
2adx
2
4 ,
where a and b are arbitrary constants with a 6= 0.
(B.3) R4 with coordinates (x1, x2, x3, x4) and metric tensor
g = −2ae−x2x3dx1dx2 + 2ae
−x2dx1dx3 + 2(2bx
2
3 − ax4)dx
2
2
− 4bx3dx2dx3 + 2adx2dx4 + bdx
2
3 ,
where a and b are arbitrary constants with a 6= 0.
It is worth to emphasize that the spaces (A.1)-(A.3) admit metrics both of
Lorentzian and neutral signature depending on the values of the constants
defining the corresponding metrics. Metrics (A.4) and (A.5) are always
Lorentzian, while metrics (B.1)-(B.3) are of neutral signature (2, 2).
Fels and Renner [11] classified the Einstein non-reductive four-dimensional
homogeneous spaces, showing that they must be of Type (A.2) or (B.3) (see
also [5, 8]).
Theorem 2.2. Let (M,g) be a homogeneous space of dimension four as in
Theorem 2.1. Then (M,g) is Einstein if and only if it has constant sectional
curvature or it corresponds to one of the following:
(1) Type (A.2) with α = 23 .
(2) Type (B.1) with q = c = 0 6= b or q 6= 0 and b = c
2
q
.
(3) Type (B.3) with b 6= 0.
In all the cases, the manifold is of neutral signature.
We refer to Remark 3.1 for a description of all non-reductive homogeneous
spaces of constant sectional curvature. Some generalizations of the Einstein
condition were studied in [5] and [7] showing which of these manifolds admit
Ricci solitons.
The main goal of this paper is to study the conformal geometry of these
spaces aimed to describe all the conformally Einstein non-reductive homo-
geneous spaces. Clearly the Einstein cases mentioned above as well as the
locally conformally flat cases already described in [8] should be discarded,
since they all are conformally Einstein.
Theorem 2.3. Let (M,g) be a non-reductive homogeneous space of dimen-
sion four. If (M,g) is locally conformally flat then it is of constant sectional
curvature or it corresponds to one of the following cases in Theorem 2.1:
(1) Type (A.1) with b = 0.
(2) Type (A.2) with α = 2 and b 6= 0.
2.2. The Bach Tensor. Let (Mn, g) be a pseudo-Riemannian manifold of
dimension n. The Schouten tensor S is the symmetric (0, 2)-tensor field
given by S = ρ− τ2(n−1) g. The failure of the Schouten tensor to be Codazzi
(i.e., its covariant derivative is totally symmetric) is measured by the (0, 3)-
Cotton tensor given by Cijk = (∇iS)jk − (∇jS)ik.
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Let W denote the Weyl conformal curvature tensor and define the Ricci-
contraction W [ρ] to be the symmetric tensor field of type (0, 2) given by
W [ρ](X,Y ) =
∑
ij εiεjW (Ei,X, Y,Ej)ρ(Ei, Ej), where {Ei} is an orthonor-
mal basis and εi = g(Ei, Ei). Then the Bach tensor is defined by
(1) B = div1 div4W +
n− 3
n− 2
W [ρ] ,
where div is the divergence operator. One has the coordinate description
Bij = ∇
k∇ℓWkijℓ +
1
2ρ
kℓWkijℓ or, equivalently, the Bach tensor (1) is given
by
Bij =
1
n− 2


n∑
k,α=1
gkα(∇αC)kij +
n∑
k,ℓ=1

ρkℓ
n∑
α,β=1
gkαgℓβWiαjβ



 .
In dimension four, the Bach tensor is symmetric, trace-free, divergence-free
and conformally invariant (i.e., if g¯ = ϕ−2g, then Bg¯ = ϕ
2Bg). Whenever
M is compact, the Bach tensor is the gradient of the functional
W : g 7→ W(g) =
∫
M
‖Wg‖
2dV g ,
and a metric is Bach flat if it satisfies B = 0.
Bach flat metrics are critical for the functionalW, and one has that locally
conformally Einstein metrics are Bach flat. Hence, aimed to describe all the
non-reductive four-dimensional homogeneous conformally Einstein metrics,
one has the following
Theorem 2.4. Let (M,g) be a non-reductive homogeneous space of dimen-
sion four. If (M,g) is Bach flat then it is of locally conformally flat, Einstein
or it corresponds to one of the following cases in Theorem 2.1:
(1) Type (A.1) with q = 0 and b 6= 0, or q = −3a4 and b 6= 0.
(2) Type (A.2) with α = 1 and b 6= 0.
(3) Type (A.3) with ǫ = ±1 and b 6= ∓q.
(4) Type (B.1) with q = 0 6= c.
Remark 2.5. The spaces in Theorem 2.4 admit Lorentzian metrics only in
cases (A.2) and (A.3). All the cases in Theorem 2.4 admit metrics of neutral
signature.
Remark 2.6. A special class of Bach flat spaces is that of half conformally
flat manifolds. While half conformally flat Lorentzian metrics are locally
conformally flat, there are many strictly half conformally flat examples in the
Riemannian and neutral signature settings. Recall that a four-dimensional
manifold is half conformally flat if and only it is conformally Osserman [2],
i.e., the spectrum of the conformal Jacobi operators JW (x)( · ) = W ( · , x)x
is constant on the unit pseudo-spheres S±(TpM) at each point p ∈ M (see
[19] and the references therein).
An explicit calculation of the conformal Jacobi operators shows that a
homogeneous four-manifold (M,g) as in Theorem 2.1 is half conformally
flat and not locally conformally flat if and only if it corresponds to one of
the following cases:
Type (A.1) with q = 0 6= b or q = −34a and b 6= 0.
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Type (B.1) with q = c = 0 6= b, or q = 0 6= c, or q 6= 0 and b = c
2
q
.
Type (B.3) with b 6= 0.
This agrees with the description of (anti-) self-dual non-reductive homoge-
neous spaces in [8, Theorem 4.1]. Moreover, the conformal Jacobi operators
are two-step nilpotent in all cases but the one corresponding to Type (B.1)
with q 6= 0 and b = c
2
q
where they diagonalize.
It is worth to mention that in some of the cases above the manifold is also
Einstein and thus pointwise Osserman, i.e., the spectrum of the Jacobi oper-
ators J(x)( · ) = R( · , x)x is constant on the unit pseudo-spheres S±(TpM)
at each point p ∈M (see [13] for further information about Osserman man-
ifolds).
More precisely, a four-dimensional homogeneous manifold as in Theorem
2.1 is Osserman if and only if it is of constant sectional curvature (cf. Remark
3.1) or otherwise:
(i) (M,g) is of Type (B.1) with q = c = 0 6= b, in which case the Jacobi
operators are two-step nilpotent, or
(ii) (M,g) is of Type (B.1) with q 6= 0 and b = c
2
q
. In this case, for any
unit spacelike vector the corresponding Jacobi operator J(x)( · ) =
R( · , x)x is diagonalizable with eigenvalues {0, εx
q
a2
, 14εx
q
a2
, 14εx
q
a2
},
thus locally isometric to a complex or paracomplex space form [13].
A long but straightforward calculation shows that for any non-null
vector x, the vector space span〈x〉⊕ker(J(x)−εx
q
a2
Id) is of Lorentzian
signature. Hence (M,g) is a paracomplex space form. Or
(iii) (M,g) is of Type (B.3) with b 6= 0, in which case the Jacobi operators
are two-step nilpotent.
Moreover, it is worth to emphasize that in all the cases above the manifold
is locally symmetric.
2.3. Conformally Einstein manifolds. A central problem in conformal
geometry is to decide whether a given manifold (M,g) is in the conformal
class of an Einstein manifold, i.e., if there exists a (locally defined) smooth
function ϕ such that g¯ = ϕ−2g is Einstein. It is well-known that any con-
formal transformation preserves the Weyl tensor of type (1, 3), but neither
the connection nor the curvature tensor remain invariant. The Ricci tensor
gρ changes under a conformal transformation g¯ = ϕ−2g as
(2) g¯ρ− gρ = ϕ−2
(
(n− 2)ϕHesϕ+
(
ϕ∆ϕ− (n− 1)‖∇ϕ‖2
)
g
)
,
where Hesϕ = ∇dϕ is the Hessian of ϕ, ∆ = traceHes is the Laplacian and
∇ϕ is the gradient of ϕ.
A conformal transformation ϕ maps an Einstein metric g to another Ein-
stein metric g¯ = ϕ−2g if and only if
(3) Hesϕ =
∆ϕ
n
g .
This equation was studied by Brinkmann showing that if g(∇ϕ,∇ϕ) 6= 0
then the manifold is locally a warped product and if ∇ϕ is a null vector field
then it is parallel and (M,g) is a Walker manifold [4], [20].
(M,g) is said to be (locally) conformally Einstein if every point p ∈ M
has an open neighborhood U and a positive smooth function ϕ defined on U
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such that (U , g¯ = ϕ−2g) is Einstein. Brinkmann [3] showed that a manifold
is conformally Einstein if and only if the equation
(4) (n− 2)Hesϕ+ϕρ =
1
n
{(n− 2)∆ϕ+ ϕτ}g
has a non-constant solution.
It is important to emphasize that although any locally conformally Ein-
stein metric is Bach flat, there are examples of strictly Bach flat manifolds,
i.e., they are neither half conformally flat nor locally conformally Einstein
(see, for example [1, 10, 18] and references therein). Now, our main result
may be stated as follows.
Main Theorem. Let (M,g) be a four dimensional non-reductive homoge-
neous space. (M,g) is in the conformal class of an Einstein manifold if and
only if (M,g) is Einstein, locally conformally flat, or is locally isometric to
one of this spaces:
(1) Type (A.1) with q = 0 and b 6= 0, or q = −3a4 and b 6= 0.
(2) Type (A.2) with α = 1 and b 6= 0.
(3) Type (A.3) with ǫ = ±1 and b 6= ∓q.
Moreover, all the cases (1) − (3) are in the conformal class of a Ricci flat
metric which is unique (up to a constant) only in Type (A.1) with q = 0.
Otherwise the space of Ricci flat conformal metrics is either two or three-
dimensional.
3. Curvature of non-reductive four-dimensional homogeneous
spaces
In this section we briefly schedule some basic facts about the curvature
of non-reductive homogeneous spaces. All the curvature expressions are
obtained after some straightforward calculations that we omit. We consider
separately all the possibilities in Theorem 2.1 and analyze the Ricci, the
Cotton, the Weyl and the Bach tensor case by case. As a consequence, one
obtains the proofs of Theorem 2.2, Theorem 2.3 and Theorem 2.4.
3.1. Non-reductive homogeneous manifolds admitting Lorentzian
and neutral signature metrics. With the notation of Theorem 2.1 at
hand, the non-reductive four-dimensional homogeneous manifolds admitting
both Lorentzian and neutral signature metrics are those corresponding to
types (A.1), (A.2) and (A.3).
3.1.1. Type (A.1). Consider the metric tensor
(5)
g = (4bx22 + a) dx
2
1 + 4bx2 dx1dx2 − (4ax2x4 − 4cx2 + a) dx1dx3
+ 4ax2 dx1dx4 + b dx
2
2 − 2(ax4 − c) dx2dx3 + 2a dx2dx4 + q dx
2
3 .
It immediately follows from the above expression that det(g) = 14a
3(a−4q),
which shows that the metric (5) is Lorentzian if a(a−4q) < 0 and of neutral
signature otherwise. Further observe that the restriction a(a − 4q) 6= 0 in
Theorem 2.1-(A.1) ensures that g is non-degenerate.
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The Ricci operator is given by
(6) Ric =
1
a


−2 0 1 0
0 −2 −2x2 0
0 0 0 0
8b(a+4q)x2
a(a−4q)
4b(a+4q)
a(a−4q)
2(ax4−c)
a
−2

 ,
from where it follows that (M,g) is not Einstein. The non-zero components
of the Cotton tensor are given by (up to symmetries):
(7)
C121 = −
24bx2(a+4q)
a(a−4q) , C122 = −
12b(a+4q)
a(a−4q) , C131 =
64bqx22
a2−4aq
,
C132 = C231 =
32bqx2
a2−4aq
, C232 =
16bq
a2−4aq
,
and the non-zero components of the Weyl tensor are (up the usual symme-
tries):
(8)
W1212 =
8bq−6ab
a−4q , W1213 = −
16bqx2
a−4q , W1223 = −
8bq
a−4q ,
W1313 = −
8bqx22(a+4q)
a(a−4q) , W1323 = −
4bqx2(a+4q)
a(a−4q) , W2323 = −
2bq(a+4q)
a(a−4q) .
Hence, the Bach tensor is given by
(9) B =


−
256b q (3a+4q) x22
a2(a−4q)2 −
128b q (3a+4q)x2
a2(a−4q)2 0 0
−128b q (3a+4q) x2
a2(a−4q)2 −
64b q (3a+4q)
a2(a−4q)2 0 0
0 0 0 0
0 0 0 0

 .
An immediate consequence of previous expression is that a Type (A.1)
homogeneous space is Bach flat if and only if one of the following constraints
holds: b = 0, q = 0 or q = −3a4 . Moreover:
(1) If b = 0, then (8) shows that (M,g) is locally conformally flat.
(2) If b 6= 0, then (M,g) is neither locally conformally flat nor Einstein.
3.1.2. Type (A.2). Consider the metric tensor
(10)
g = −2ae2αx4 dx1dx3 + ae
2αx4dx22 + be
2(α−1)x4dx23
+ 2ce(α−1)x4dx3dx4 + qdx
2
4 .
It immediately follows from the above expression that det(g) = −a3q e6αx4 ,
which shows that the metric (10) is Lorentzian if aq > 0 and of neutral
signature otherwise. Further observe that the restriction aq 6= 0 in Theorem
2.1-(A.2) ensures that g is non-degenerate.
The Ricci operator is given by
(11) Ric = −
3α2
q


1 0 b(3α−2)
3aα2
e−2x4 0
0 1 0 0
0 0 1 0
0 0 0 1

 .
Hence (M,g) is Einstein if and only if b = 0 (with scalar curvature τ =
−12α
2
q
), or α = 23 (with scalar curvature τ = −
16
3q ), or Ricci flat if α = 0.
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The only non-zero component of the Cotton tensor is given by
(12) C343 = −
(α− 2)(3α − 2) be2(α−1)x4
q
,
and the non-zero components of the Weyl tensor are given by
(13) W2323 = −
(α− 2)a be2(2α−1)x4
2q
, W3434 =
1
2
(α− 2)be2(α−1)x4 .
Finally the Bach tensor is expressed with respect to the coordinate basis as
(14) B =


0 0 0 0
0 0 0 0
0 0 (α−2)(α−1)(3α−2)be
2(α−1)x4
q2
0
0 0 0 0

 .
Hence a homogeneous space of Type (A.2) is Bach flat if and only if b = 0,
α = 23 , α = 1 or α = 2. Moreover:
(1) If b = 0 then (11) and (13) show that the manifold is of constant
sectional curvature K = −α
2
q
.
(2) If α = 23 , then W3434 = −
2
3be
−
2x4
3 and hence the manifold is not
locally conformally flat, unless b = 0.
(3) If α = 1 then W3434 = −
b
2 , which shows that (M,g) is not locally
conformally flat unless b = 0.
(4) If α = 2, then (13) shows that (M,g) is locally conformally flat but
not Einstein unless b = 0.
3.1.3. Type (A.3). Two distinct cases have to be considered for Type (A.3)
metrics. Let U be the open set in R4 determined by U = {(x1, x2, x3, x4) ∈
R
4; cos(x4) 6= 0} and the metric tensor
(15) g+ = 2ae
2x3 dx1dx4 + ae
2x3 cos(x4)
2dx22 + bdx
2
3 + 2cdx3dx4 + q dx
2
4 .
Now det(g+) = −a
3b cos(x4)
2 e6x3 shows that the metric (15) is Lorentzian
if ab > 0 and of neutral signature otherwise. Further observe that the
restriction ab 6= 0 in Theorem 2.1-(A.3) ensures that g+ is non-degenerate.
The Ricci operator is given by
(16) Ric = −
3
b


1 0 0 − (b+q)e
−2x3
3a
0 1 0 0
0 0 1 0
0 0 0 1

 ,
and thus (M,g) is Einstein if and only if b = −q.
The only non-zero component of the Cotton tensor is
(17) C344 = −
b+ q
b
,
and the non-zero components of the Weyl tensor are:
(18) W2424 =
ae2x3(b+ q) cos (x4)
2
2b
, W3434 = −
b+ q
2
.
Now, a long but straightforward computation shows that (M,g+) is al-
ways Bach flat. Moreover, (M,g+) is locally conformally flat if and only if
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b = −q by Equation (18), in which case it is Einstein and thus of constant
sectional curvature K = 1
q
.
Now we consider the second case for Type (A.3) metrics. Let M be R4
with metric tensor
(19) g− = 2ae
2x3 dx1dx4 + ae
2x3 cosh(x4)
2dx22 + bdx
2
3 + 2cdx3dx4 + q dx
2
4 .
Next det(g−) = −a
3b cosh(x4)
2 e6x3 shows that the metric (19) is Lorentzian
if ab > 0 and of neutral signature otherwise. Further observe that the
restriction ab 6= 0 in Theorem 2.1-(A.3) ensures that g− is non-degenerate.
The Ricci operator is given by
(20) Ric = −
3
b


1 0 0 (b−q)e
−2x3
3a
0 1 0 0
0 0 1 0
0 0 0 1

 ,
and thus (M,g) is Einstein if and only if b = q.
The only non-zero component of the Cotton tensor is
(21) C344 = 1−
q
b
,
and the non-vanishing components of the Weyl tensor are:
(22) W2424 = −
ae2x3(b− q) cosh (x4)
2
2b
, W3434 =
b− q
2
.
Furthermore, a long but straightforward computation shows that (M,g−) is
always Bach flat. Moreover, (M,g−) is locally conformally flat if and only
if b = q by Equation (22), in which case it is Einstein and thus of constant
sectional curvature K = −1
q
.
Hence any Einstein Type (A.3) manifold is necessarily of constant sec-
tional curvature.
3.2. Non-reductive homogeneous spaces admitting only Lorentzian
metrics.
3.2.1. Type (A.4). Consider the metric tensor
(23)
g =
(
a
2x
2
4 + 4bx
2
2 + a
)
dx21 + 4bx2dx1dx2 + ax2(4 + x
2
4)dx1dx3
+ a(1 + 2x2x3)x4dx1dx4 + bdx
2
2 +
a
2 (4 + x
2
4)dx2dx3
+ ax3x4dx2dx4 +
a
2dx
2
4 .
It follows from the above expression that det(g) = − 132a
4(4 + x24)
2, which
shows that the metric (23) is Lorentzian. Further observe that the restriction
a 6= 0 in Theorem 2.1-(A.4) ensures that g is non-degenerate.
The Ricci operator is given by
(24) Ric = −
3
a


1 0 0 0
0 1 0 0
40bx2
3a(x24+4)
20b
3a(x24+4)
1 0
0 0 0 1

 ,
which shows that (M,g) is Einstein if and only if b = 0.
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The only non-zero components of the Cotton tensor are given by
(25) C121 =
30bx2
a
, C122 =
15b
a
,
and the non-zero components of the Weyl tensor are
(26)
W1212 =
3
4b
(
x24 − 2
)
, W1214 = −
3
2bx2x4 , W1224 = −
3bx4
4 ,
W1414 = 3bx
2
2 , W1424 =
3bx2
2 , W2424 =
3b
4 .
The Bach tensor is given by
(27) B =


−
120bx22
a2
−60bx2
a2
0 0
−60bx2
a2
−30b
a2
0 0
0 0 0 0
0 0 0 0

 .
Hence, a Type (A.4) metric is Bach flat if and only if b = 0, in which
case (M,g) is locally conformally flat by (26), and thus of constant sectional
curvature K = − 1
a
, as the Ricci operator shows.
3.2.2. Type (A.5). Let M = (R2 \ {(0, 0)}) × R2 and let (x1, x2, x3, x4) be
the coordinates. Consider the metric tensor
(28)
g = −ax44x2 dx1dx2 +
a
4dx1dx4 +
a(2+2x1x4+x23)
8x22
dx22
− ax34x2 dx2dx3 −
ax1
4x2
dx2dx4 +
a
8dx
2
3 .
Since det(g) = − a
4
2048x22
, the metric (28) is Lorentzian and the restriction
a 6= 0 in Theorem 2.1-(A.5) ensures that g is non-degenerate.
The Ricci tensor is given by
(29) ρ =


0 3x42x2 0 −
3
2
3x4
2x2
−
3(x23+2x1x4+2)
2x22
3x3
2x2
3x1
2x2
0 3x32x2 −
3
2 0
−32
3x1
2x2
0 0

 ,
from where it follows that the corresponding Ricci operator is a multiple
of the identity, Ric = −12
a
Id, and thus Einstein. Moreover, the Weyl ten-
sor vanishes identically and therefore, any Type (A.5) metric is always of
constant sectional curvature K = − 4
a
.
3.3. Non-reductive four-dimensional homogeneous manifolds ad-
mitting only neutral signature metrics. There exist three different
families of non-reductive homogeneous four-manifolds which admit exclu-
sively neutral signature metrics.
3.3.1. Type (B.1). Let M = R4 with coordinates (x1, x2, x3, x4) and metric
tensor
(30)
g=
(
q(x23 + 4x2x3x4 + 4x
2
2x
2
4) + 4cx2x3 + 8cx
2
2x4 + 2ax3 + 4bx
2
2
)
dx21
+ 2(q(x3x4 + 2x2x
2
4) + 4cx2x4 + cx3 + 2bx2)dx1dx2
+ 2(q(x3 + 2x2x4) + 2cx2 + a)dx1dx3 + 4ax2dx1dx4
+ (qx24 + 2cx4 + b)dx
2
2 + 2(qx4 + c)dx2dx3 + 2adx2dx4 + qdx
2
3 .
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Since det(g) = a4 and the component g44 = 0, the metric (30) is of neutral
signature and the restriction a 6= 0 in Theorem 2.1-(B.1) ensures that g is
non-degenerate.
The Ricci operator is given by
(31) Ric =


3q
2a2
0 0 0
0 3q
2a2
0 0
0 0 3q
2a2
0
15
a3
x2(bq − c
2) 152a3 (bq − c
2) 0 3q2a2

 ,
from where it follows that (M,g) is Einstein if and only if c2 − bq = 0.
The non-zero components of the Cotton tensor are given by
(32)
C121 =
15x2(6a−qx3)(c2−bq)
2a3
, C122 =
15(6a−qx3)(c2−bq)
4a3
,
C232 =
15q(c2−bq)
4a3
, C131 = 4x
2
2 C232 , C132 = C231 = 2x2C232 ,
and the non-zero components of the Weyl tensor are given by
(33)
W1212 =
−6a2(b+2cx4+qx24)+ax3(−7bq+6c2−qx4(2c+qx4))+5qx23(c2−bq)
2a2
,
W1213 =
2x2(a(7bq−6c2+qx4(2c+qx4))+10qx3(bq−c2))−a(6a+qx3)(c+qx4)
4a2
,
W1214 = −
2x2(6a+qx3)(c+qx4)+qx3(2a+qx3)
4a ,
W1223 =
a(7bq−6c2+qx4(2c+qx4))+10qx3(bq−c2)
4a2
,
W1224 = −
(6a+qx3)(c+qx4)
4a , W1234 = −
q(2a+qx3)
4a ,
W1313 =
q(−a2+2ax2(c+qx4)+20x22(c2−bq))
2a2 ,
W1314 =
qx2(−2a+2x2(c+qx4)+qx3)
2a ,
W1323 =
q(a(c+qx4)+20x2(c2−bq))
4a2
, W1324 =
q(x2(c+qx4)−a)
2a ,
W1334 =
q2x2
2a , W1423 =
q(2x2(c+qx4)+qx3)
4a , W1424 = −qx2 ,
W1414 = −2qx
2
2 , W2334 =
q2
4a , W2424 = −
q
2 ,
W2323 =
5q(c2−bq)
2a2
, W2324 =
q(c+qx4)
4a .
Hence, the Bach tensor is given by
(34) B =


240q(c2−bq)x22
a4
120q(c2−bq)x2
a4
0 0
120q(c2−bq)x2
a4
60q(c2−bq)
a4
0 0
0 0 0 0
0 0 0 0

 .
Thus, a Type (B.1) metric is Bach flat if and only if q = 0 or c2 − bq = 0,
in the later case being Einstein. Moreover,
(1) If q = 0, then the Ricci operator (31) is either zero or two-step
nilpotent, Equation (33) gives W1224 = −
3
2c, thus distinguishing the
following two cases:
CONFORMAL GEOMETRY OF NON-REDUCTIVE HOMOGENEOUS SPACES 13
(a) If q = 0 and c = 0, then (M,g) is Ricci flat and the only non-
zero component of the Weyl tensor is W1212 = −3b. Therefore
(M,g) is flat if q = c = b = 0.
Otherwise, if q = c = 0 6= b, then the Jacobi operators are
two-step nilpotent. Hence (M,g) is Osserman and thus half
conformally flat.
(b) If q = 0 and c 6= 0, then (M,g) is not locally conformally
flat. Moreover the conformal Jacobi operators are nilpotent and
(M,g) is half conformally flat.
(2) If q 6= 0 and b = c
2
q
, then (33) shows that W1334 =
q2x2
2a and
hence (M,g) is not locally conformally flat. Equation (31) shows
that (M,g) is Einstein and moreover the Jacobi operator J(x)( · ) =
R( · , x)x associated to any unit vector x has constant eigenvalues
{0, εx
q
a2
, εx
q
4a2
, εx
q
4a2
}.
Moreover (M,g) is locally isometric to a paracomplex space form
of constant paraholomorphic sectional curvature H = − q
a2
, and thus
a modified Riemannian extension as in [9].
3.3.2. Type (B.2). Let U = {(x1, x2, x3, x4) ∈ R
4;x4 6= ±2} with coordi-
nates (x1, x2, x3, x4) and metric tensor
(35)
g =
(
a−
ax24
2 + 4bx
2
2
)
dx21 + 4bx2dx1dx2 − ax2(x
2
4 − 4)dx1dx3
− a(1 + 2x2x3)x4dx1dx4 + bdx
2
2 −
1
2a(x
2
4 − 4)dx2dx3
− ax3x4dx2dx4 −
1
2adx
2
4 .
Since det(g) = 132a
4(x24 − 4)
2 and the component g33 = 0, the metric (35) is
of neutral signature and the restriction a 6= 0, x4 6= ±2 in Theorem 2.1-(B.2)
ensures that g is non-degenerate.
The Ricci operator is given by
(36) Ric = −
3
a


1 0 0 0
0 1 0 0
− 40bx2
3a(x24−4)
− 20b
3a(x24−4)
1 0
0 0 0 1

 ,
which shows that (M,g) is Einstein if and only if b = 0.
The non-zero components of the Cotton tensor are given by
(37) C121 =
30bx2
a
, C122 =
15b
a
,
and the non-zero components of the Weyl tensor are determined by
(38)
W1212 = −
3
4b
(
x24 + 2
)
, W1214 =
3
2bx2x4 , W1224 =
3bx4
4 ,
W1414 = −3bx
2
2 , W1424 = −
3bx2
2 , W2424 = −
3b
4 .
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Hence, the Bach tensor is given by
(39) B =


−
120bx22
a2
−60bx2
a2
0 0
−60bx2
a2
−30b
a2
0 0
0 0 0 0
0 0 0 0

 .
Now it follows from the previous expressions that a metric (35) is Bach
flat if and only if b = 0, in which case it is Einstein and locally conformally
flat, and thus of constant sectional curvature K = − 1
a
.
3.3.3. Type (B.3). Let R4 with coordinates (x1, x2, x3, x4) and metric tensor
(40)
g = −2ae−x2x3dx1dx2 + 2ae
−x2dx1dx3 + 2(2bx
2
3 − ax4)dx
2
2
− 4bx3dx2dx3 + 2adx2dx4 + bdx
2
3 .
Since det(g) = a4e−2x2 and the component g44 = 0, the metric (40) is of
neutral signature and the restriction a 6= 0 in Theorem 2.1-(B.3) ensures
that g is non-degenerate.
A straightforward calculation shows that the Ricci operator of any Type
(B.3) metric vanishes identically and hence they are all Ricci flat. Thus the
Cotton and the Bach tensor are also zero. The Weyl tensor is, however,
not necessarily zero and the only non-zero component of the Weyl tensor is
given by
(41) W2323 = −3b ,
which shows that (M,g) is flat if and only if b = 0.
Any metric of Type (B.3) with b 6= 0 has two-step nilpotent Jacobi opera-
tors, and thus it is Osserman.
Remark 3.1. As a consequence of the expressions of the Ricci and the Weyl
tensor in this section, a four-dimensional homogeneous space (M,g) as in
Theorem 2.1 is of constant sectional curvatureK if and only if it corresponds
to one of the following (see also [5, 8, 11]):
Type (A.2) with b = 0, in which case K = −α
2
q
.
Type (A.3) with b = −ǫq, in which case K = ǫ1
q
.
Type (A.4) with b = 0, in which case K = − 1
a
.
Type (A.5), in which case K = − 4
a
.
Type (B.1) with q = c = b = 0, in which case is flat.
Type (B.2) with b = 0, in which case K = − 1
a
.
Type (B.3) with b = 0, in which case is flat.
Moreover, a long but straightforward calculation shows that a four-dimensional
homogeneous space given by Theorem 2.1, of non-constant sectional curva-
ture, is locally symmetric if and only if it it is
Type (A.1) with b = 0, in which case (M,g) is locally conformally
flat with diagonalizable Ricci operator. Hence locally isometric to a
product R×N , whereN is of constant sectional curvatureKN = −
1
a
,
or it corresponds to one of the following cases:
Type (B.1) with q = c = 0 6= b, in which case (M,g) is Osserman
with two-step nilpotent Jacobi operators.
CONFORMAL GEOMETRY OF NON-REDUCTIVE HOMOGENEOUS SPACES 15
Type (B.1) with q 6= 0 and b = c
2
q
, in which case (M,g) is a para-
complex space form.
Type (B.3) with b 6= 0, in which case (M,g) is Osserman with two-
step nilpotent Jacobi operators.
See [13] for a classification of locally symmetric four-dimensional Osserman
manifolds and [7] for a description of gradient Ricci solitons on non-reductive
homogeneous spaces, where metrics of Type (A.1) with b = 0 play a distin-
guished role.
4. Conformally Einstein non-reductive homogeneous spaces.
The proof of the Main Theorem
The purpose of this section is to prove the Main Theorem, determining
which non-reductive homogeneous four-manifolds contain an Einstein met-
ric in their conformal class. We will exclude from our analysis the trivial
cases of Einstein and locally conformally flat manifolds. Moreover, we will
obtain the explicit form of the conformal Einstein metric. Since any con-
formally Einstein manifold is necessarily Bach flat, Theorem 2.4 shows that
the analysis of the conformally Einstein equation
(42) 2Hesϕ+ϕρ =
1
4
{2∆ϕ+ ϕτ}g
must be carried out only for the following cases:
(1) Type (A.1) with q = 0 and b 6= 0, or q = −3a4 and b 6= 0.
(2) Type (A.2) with α = 1 and b 6= 0.
(3) Type (A.3) with ǫ = ±1 and b 6= ∓q.
(4) Type (B.1) with q = 0 6= c.
It is important to emphasize that although any locally conformally Ein-
stein metric is Bach flat, there are examples of strictly Bach flat manifolds,
i.e., they are neither half conformally flat nor locally conformally Einstein
(see, for example [1, 10, 18] and references therein). Indeed, one has the
following necessary conditions for any solution of (42) (see also [14]).
Proposition 4.1. [15] Let (M,g) be a four-dimensional pseudo-Riemannian
manifold such that g¯ = e2σg is Einstein. Then
(1) C+W (·, ·, ·,∇σ) = 0,
(2) B = 0,
where C and B are the Cotton and the Bach tensor, respectively.
Recall that the solutions ϕ of the conformally Einstein equation (42) and
the functions σ in Proposition 4.1-(1) are related by σ = −2 log(ϕ). Also, as
a matter of notation, define a (0, 3)-tensor field C by C = C+W (·, ·, ·,∇σ).
Obviously, Cijk = −Cjik for all i, j, k ∈ {1, . . . , 4}.
Conditions (1) − (2) above are also sufficient to be conformally Einstein
if (M,g) is weakly-generic (i.e., the Weyl tensor, viewed as a map TM →⊗3 TM is injective). Note that cases (1)−(3) in Theorem 2.4 are not weakly-
generic and thus we must study the existence of solutions of Equation (42)
case by case. In opposition, metrics corresponding to Theorem 2.4-(4) are
weakly-generic.
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4.1. Type (A.1) with q = 0 and b 6= 0, or q = −3a4 and b 6= 0. We
consider the two possibilities separately.
4.1.1. Type (A.1) with q = 0 and b 6= 0. In this case by Equation (7) the
non-zero components of the Cotton tensor are given by
(43) C121 = −
24 bx2
a
, C122 = −
12 b
a
,
and, by Equation (8), the only non-zero component of the Weyl tensor is
given by
(44) W1212 = −6b ,
which shows that (M,g) is not weakly-generic. For an arbitrary positive
function ϕ(x1, x2, x3, x4) on M , let σ = −2 log(ϕ). Then a straightforward
calculation shows that the gradient of σ is given in the coordinate basis by
∇σ = 4
a2ϕ
{(ax4 − c)ϕ4 + aϕ3} ∂1
− 2
a2ϕ
{ϕ4 (a+ 4x2 (ax4 − c)) + 4ax2ϕ3} ∂2
+ 4
a2ϕ
{a (2ϕ3 − 2x2ϕ2 + ϕ1) + 2ϕ4 (ax4 − c)} ∂3
+ 2
a3ϕ
{
ϕ4
(
ab+ 4ax4 (ax4 − 2c) + 4c
2
)
+ 2aϕ1 (ax4 − c)
+ a (4ϕ3 (ax4 − c) + ϕ2 (4x2 (c− ax4)− a))} ∂4 ,
where ∂i =
∂
∂xi
are the coordinate vector fields and ϕi =
∂
∂xi
ϕ denote the
corresponding partial derivatives.
Thus, the only non-zero components of the tensor C = C +W (·, ·, ·,∇σ)
are those given by
(45)
a2ϕC121 = −12b (ϕ4 (a− 4x2 (c− ax4)) + 4ax2ϕ3 + 2ax2ϕ) ,
a2ϕC122 = −12b (−2ϕ4 (c− ax4) + 2aϕ3 + aϕ) .
Since C = 0 is a necessary condition for (M,g) to be conformally Einstein,
aϕ(C121 − 2x2C122) = −12bϕ4 must be zero and, since b 6= 0, in this case ϕ
does not depend on the coordinate x4. Then
C122 =
−12b(ϕ + 2ϕ3)
aϕ
, C121 = 2x2C122 .
Hence, C = 0 shows that
(46) ϕ(x1, x2, x3) = e
−
x3
2 φ(x1, x2) ,
for some smooth function φ(x1, x2).
Now, we analyze the existence of solutions of (42) for some ϕ as above.
In order to simplify the notation, set
E = 2Hesϕ+ϕρ−
1
4
{2∆ϕ + ϕτ}g ,
and determine the conditions for E = 0.
Since E(∂1, ∂1) = 2e
−
x3
2 φ11(x1, x2), any solution of (42) must be of the
form (46) with φ(x1, x2) = α1(x2)+x1α2(x2) for some smooth functions α1,
α2 on M . A calculation of E(∂1, ∂2) = −2e
−
x3
2 (α′1(x2) + (x1 − 1)α
′
2(x2)),
shows that α1(x2) = κ1 and α2(x2) = κ2 for some constants κ1, κ2. Further,
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the component E(∂2, ∂4) = −2κ2e
−
x3
2 shows that κ2 = 0 and hence (46)
reduces to
ϕ = κ1e
−
x3
2 .
Now, a straightforward calculation shows that E = 0 holds and the conformal
metric g¯ = ϕ−2g is Ricci flat.
Remark 4.2. Since any non-reductive homogeneous manifold of Type (A.1)
with q = 0 and b 6= 0 is conformally Osserman with two-step nilpotent
conformal Jacobi operators, and this property is conformally invariant, the
metric g¯ is Osserman with two-step nilpotent Jacobi operators.
4.1.2. Type (A.1) with q = −3a4 and b 6= 0. We proceed as in the previous
case. For an arbitrary positive function ϕ(x1, x2, x3, x4) on M , consider
σ = −2 log(ϕ). Then
∇σ = 1
a2ϕ
{
a
(
ϕ3 + 3x2ϕ2 −
3
2ϕ1
)
+ ϕ4 (ax4 − c)
}
∂1
− 1
a2ϕ
{2ϕ4 (x2 (ax4 − c) + a) + ax2 (2ϕ3 + 6x2ϕ2 − 3ϕ1)} ∂2
+ 1
a2ϕ
{a (2ϕ3 − 2x2ϕ2 + ϕ1) + 2ϕ4 (ax4 − c)} ∂3
+ 1
a3ϕ
{
2ϕ4
(
a2x24 + ab− 2acx4 + c
2
)
+a (ϕ1 (ax4 − c)− 2 (ϕ2 (x2 (ax4 − c) + a) + ϕ3 (c− ax4)))} ∂4 .
Recall from (7) that the non-zero components of the Cotton tensor are given
by
C121 =
12bx2
a
, C122 =
6b
a
, C131 = −
12bx22
a
,
C232 = −
3b
a
, C132 = C231 = 2x2 C232 .
Equation (8) shows that the non-zero components of the Weyl tensor are
W1212 = −3b , W1213 = 3bx2 , W1223 =
3b
2 ,
W1313 = −3bx
2
2, W1323 = −
3bx2
2 , W2323 = −
3b
4 .
Then, the non-zero components of the tensor field C are given by
C131 = −x2C121, C231 = −
1
2C121 ,
C132 = −x2C122, C232 = −
1
2C122 ,
C133 = −x2C123, C233 = −
1
2C123 ,
where
a2ϕ C121 = 6b
(
x2 (2aϕ+ aϕ1 − 2aϕ3 − 2aϕ4x4 + 2cϕ4)− aϕ4 − 2aϕ2x
2
2
)
,
a2ϕ C122 = 3b (2aϕ+ aϕ1 − 2aϕ3 − 2aϕ2x2 − 2aϕ4x4 + 2cϕ4) ,
a2ϕ C123 = −3abϕ4 .
Since a, b 6= 0 and C123 = 0 the function ϕ(x1, x2, x3, x4) does not depend
on the coordinate x4 and the tensor field C121 reduces to
C122 =
3b
aϕ
{2ϕ+ ϕ1 − 2ϕ3 − 2ϕ2x2} , C121 = 2x2C122 .
A solution of the differential equation 2ϕ = 2ϕ3 + 2x2ϕ2 − ϕ1 is necessarily
of the form
(47) ϕ(x1, x2, x3) = e
−2x1φ(e2x1x2, 2x1 + x3) = e
−2x1(φ ◦ ψ)(x1, x2, x3) ,
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where ψ(x1, x2, x3) = (e
2x1x2, 2x1 + x3) and φ(z, ω) is an arbitrary function
for z = e2x1x2 and ω = 2x1 + x3.
Now, we analyze the existence of solutions of (42) for some ϕ as in (47).
Setting
E = 2Hesϕ+ϕρ−
1
4
{2∆ϕ + ϕτ}g ,
one has E(∂2, ∂2) = 2e
2x1∂2
z2
φ = 0, and hence
ϕ(x1, x2, x3) = e
−2x1
(
e2x1x2φˆ(2x1 + x3) + φ¯(2x1 + x3)
)
for some smooth functions φˆ(ω), φ¯(ω). Considering now the component
E(∂2, ∂3) = 2φˆ
′ − φˆ = 0, one has that φˆ(2x1 + x3) = κe
1
2
(2x1+x3) for some
constant κ. Now the only non-zero components of the tensor field E are
given by
E(∂1, ∂1) = 2E(∂1, ∂3) = 2E(∂3, ∂3)
= 4e−2x1
(
φ¯− 3φ¯′ + 2φ¯′′
)
.
Hence E = 0 gives φ¯(2x1 + x3) = κ1e
1
2
(2x1+x3) + κ2e
2x1+x3 and thus any
solution of the conformally Einstein equation is of the form
ϕ(x1, x2, x3, x4) = κ1e
x3 + κ2e
1
2
x3−x1 + κ3 x2 e
1
2
x3+x1 .
Moreover, any of the conformal metrics g¯ = ϕ−2g is Ricci flat.
Remark 4.3. Since any non-reductive homogeneous manifold of Type (A.1)
with q = −34a and b 6= 0 is conformally Osserman with two-step nilpotent
conformal Jacobi operators, any conformal Einstein metric g¯ is Osserman
with two-step nilpotent Jacobi operators. Moreover, there is a 3-parameter
family of conformally equivalent Osserman metrics. This shows that the
cases q = 0 and q = −34a are essentially different since the space of con-
formally Einstein metrics is one-dimensional in the first case and three-
dimensional in the second one.
4.2. Type (A.2) with α = 1 and b 6= 0. Let ϕ(x1, x2, x3, x4) be a positive
function on M and σ = −2 log(ϕ). Then
∇σ = 2
a2qϕ
{
ae−2x4 (qϕ3 − cϕ4)− e
−4x4ϕ1
(
c2 − bq
)}
∂1
− 2
aϕ
ϕ2e
−2x4 ∂2 +
2
aϕ
ϕ1e
−2x4 ∂3 −
1
aqϕ
{
2aϕ4 + 2cϕ1e
−2x4
}
∂4 .
It follows from (12) and (13) that the non-zero components of the Cotton
and the Weyl tensors are given by
C343 =
b
q
, and W2323 =
ab
2q
e2x4 , W3434 = −
b
2
,
respectively, from where it follows that (M,g) is not weakly-generic. There-
fore, the only non-zero components of the tensor field C = C+W (·, ·, ·,∇σ)
are those given by
(48)
C232 = −
b
q
ϕ1
ϕ
, C233 = −
b
q
ϕ2
ϕ
, C344 = −
b
a
ϕ1
ϕ
e−2x4 ,
C343 =
b
a q ϕ
(
a (ϕ− ϕ4)− cϕ1e
−2x4
)
.
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Since, a b 6= 0 the first two equations in (48) show that ϕ(x1, x2, x3, x4) does
not depend on the coordinates x1 and x2. Hence, the tensor field C reduces
to
C343 =
b (ϕ− ϕ4)
qϕ
,
where ϕ is a smooth function on the coordinates (x3, x4) and it follows from
C343 = 0 that ϕ(x3, x4) = φ(x3)e
x4 , for some smooth function φ(x3).
Considering now the conformally Einstein equation (42), and setting
E = 2Hesϕ+ϕρ−
1
4
{2∆ϕ + ϕτ}g ,
the only non-zero component of the tensor E is
E(∂3, ∂3) =
ex4 (2qφ′′ − bφ)
q
.
Integrating E(∂3, ∂3) = 0 we obtain that
(49)


ϕ = e
x4−x3
√
b
2q
(
κ1e
x3
√
2b
q + κ2
)
, if b q > 0,
ϕ = ex4
(
κ1 cos
(
x3
√
− b2q
)
+ κ2 sin
(
x3
√
− b2q
))
, if b q < 0 .
Moreover, a long but straightforward computation shows that the metric
g¯ = ϕ−2g for any function ϕ given by (49) is Ricci flat.
Remark 4.4. For each of the possibilities in (49) there are at least two
conformal metrics which are Einstein (indeed, Ricci flat). Moreover, for any
of the conformal Einstein metrics, there are some conformal deformation of
the metric which remains Einsteinian.
Further observe that no metric (A.2) with α = 1 and b 6= 0 is half confor-
mally flat, and hence they are not in the conformal class of any Osserman
metric.
4.3. Type (A.3) with ǫ = ±1 and b 6= ∓q. We will briefly schedule the
proof of the case corresponding to ǫ = 1. The situation when ǫ = −1 is
completely analogous. Hence assume b 6= −q. As in the previous cases, let
ϕ(x1, x2, x3, x4) be a positive function and set σ = −2 log(ϕ). Then
∇σ = 1
a2 bϕ
{
2e−4x3
(
ae2x3 (cϕ3 − bϕ4) + ϕ1
(
bq − c2
))}
∂1
− 2ϕ2
aϕ
{
e−2x3 sec (x4)
2
}
∂2 +
2
a bϕ
{
cϕ1e
−2x3 − aϕ3
}
∂3 −
2
aϕ
ϕ1e
−2x3∂4 .
It follows from (17) and (18) that the non-zero components of the tensor
C = C+W (·, ·, ·,∇σ) are given by
(50)
b ϕ C242 = (b+ q) cos (x4)
2 ϕ1 , b ϕ C244 = −(b+ q)ϕ2 ,
aϕ C343 = −(b+ q)e
−2x3ϕ1 ,
a b ϕ C344 = −(b+ q)e
−2x3
(
a (ϕ− ϕ3) e
2x3 + cϕ1
)
.
Since a 6= 0 and b 6= −q the first two equations in (50) show that ϕ does
not depend on the coordinates x1 and x2 and the tensor field C reduces to
b ϕ C344 = −(b+ q) (ϕ− ϕ3) ,
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where ϕ is a smooth function on the coordinates (x3, x4). Now C344 = 0
gives ϕ(x3, x4) = φ(x4)e
x3 , for some smooth function φ(x4).
Consider now the conformally Einstein equation and set, as in the previous
cases, E = 2Hesϕ+ϕρ−
1
4{2∆ϕ+ϕτ}g . A straightforward calculation shows
that the only non-zero component of the tensor field E is given by
E(∂4, ∂4) =
1
b
ex3
(
(b− q)φ+ 2bφ′′
)
,
which shows that φ(x4) is determined by the equation φ
′′ = − b−q2b φ. Hence
the conformal deformation ϕ(x3, x4) is given by
(51)


ϕ+ = (κ1x4 + κ2)e
x3 , if b− q = 0,
ϕ+ = e
x3−x4
√
q−b
2b
(
κ1e
x4
√
2(q−b)
b + κ2
)
, if b(q − b) > 0,
ϕ+ = e
x3
(
κ1 cos
(
x4
√
b−q
2b
)
+ κ2 sin
(
x4
√
b−q
2b
))
, if b(q − b) < 0 .
Moreover in all the cases above the conformal metric g¯+ = ϕ
−2
+ g+ is Ricci
flat.
The case ǫ = −1 is obtained in a completely analogous way. For any
metric g− given by (19), the conformal metric g¯− = ϕ
−2
− g− is Ricci flat,
where
(52)

ϕ−=(κ1x4 + κ2)e
x3 , if b+ q = 0,
ϕ−=e
x3−x4
√
q+b
2b
(
κ1e
x4
√
2(q+b)
b + κ2
)
, if b(q + b) > 0,
ϕ−=e
x3
(
κ1 cos
(
x4
√
− b+q2b
)
+ κ2 sin
(
x4
√
− b+q2b
))
, if b(q + b) < 0 .
Remark 4.5. For each of the possibilities in (51) and (52) there are at least
two conformal metrics which are Einstein. Equivalently, for any conformally
Einstein metric, there are some conformal deformation of the metric which
remains to be Einstein.
Further observe that no metric (A.3) with ǫ = ±1 and b 6= ∓q is half con-
formally flat, and hence (M,g) is not in the conformal class of an Osserman
metric.
4.4. Type (B.1) with q = 0 6= c. Setting q = 0 in Equations (32) and
(33), the non-zero components of the Cotton and the Weyl tensors are given
by
C121 =
45c2x2
a2
, C122 =
45c2
2a2
, and
W1212 =
3c2x3
a
− 3 (b+ 2cx4) , W1213 = −
3c(a+2cx2)
2a ,
W1214 = −3cx2 , W1223 = −
3c2
2a , W1224 = −
3c
2 ,
respectively. This shows that, in opposition to the previous cases, (M,g)
is weakly-generic and thus C = C + W (·, ·, ·,∇σ) = 0 is a necessary and
sufficient condition to be conformally Einstein.
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As in the previous cases, consider ϕ(x1, x2, x3, x4) a positive function and
set σ = −2 log(ϕ). Express the gradient of σ as
∇σ = 2
a2 ϕ
{cϕ4 − aϕ3} ∂1 +
2
a2 ϕ
{2x2 (aϕ3 − cϕ4)− aϕ4} ∂2
+ 2
a2 ϕ
{x3 (2aϕ3 − cϕ4)− aϕ1 + 2aϕ2x2} ∂3
+ 2
a2 ϕ
{bϕ4 − ϕ2 (a+ 2cx2) + cϕ1 − cϕ3x3 + 2cϕ4x4} ∂4 .
Now, the components C123 and C124 of the tensor field C = C+W (·, ·, ·,∇σ)
are given by
aϕ C123 = 3cϕ3, a ϕ C124 = 3cϕ4 ,
and, since c 6= 0 and C123 = C124 = 0, the function ϕ is independent of
the coordinates x3 and x4. Assuming ϕ to be a smooth function on the
coordinates (x1, x2), the non-zero components of C reduce to
(53) C121 = −
3c (aϕ1 − 15cϕx2)
a2ϕ
, C122 =
3c (15cϕ − 2aϕ2)
2a2ϕ
.
A straightforward computation shows that C122 = 0 if and only if
(54) ϕ = φ(x1)e
15c
2a
x2 ,
for some smooth function φ(x1). Then C121 becomes
(55) C121 = −
3c (aφ′(x1)− 15cx2φ(x1))
a2φ(x1)
,
from where it follows that φ vanishes identically, and hence ϕ ≡ 0, which is
a contradiction. Hence this manifold is not conformally Einstein.
Remark 4.6. Observe that the conformally Einstein metrics in the Main
Theorem–(1) are always of neutral signature, while metrics corresponding
to cases (2) and (3) may be either Lorentzian or of neutral signature (2, 2),
depending on the choice of the parameters defining the metrics (10), (15)
and (19).
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